Abstract. The p-parity conjecture for twists of elliptic curves relates multiplicities of Artin representations in p ∞ -Selmer groups to root numbers. In this paper we prove this conjecture for a class of such twists. For example, if E/Q is semistable at 2 and 3, K/Q is abelian and K ∞ is its maximal pro-p extension, then the p-parity conjecture holds for twists of E by all orthogonal Artin representations of Gal(K ∞ /Q). We also give analogous results when K/Q is non-abelian, the base field is not Q and E is replaced by an abelian variety. The heart of the paper is a study of relations between permutation representations of finite groups, their "regulator constants", and compatibility between local root numbers and local Tamagawa numbers of abelian varieties in such relations.
Introduction
The emphasis of this paper is twofold: to study the interplay between functions on G-sets and on G-representations for a finite group G, and to use it to link root numbers and Tamagawa numbers of abelian varieties. The main application is the parity conjecture for classes of twists of elliptic curves and abelian varieties by Artin representations.
1.i. Parity conjectures.
Consider an abelian variety A defined over a number field K, and a Galois extension F/K. The Galois group Gal(F/K) acts on the F -rational points of A, and an extension of the Birch-Swinnerton-Dyer conjecture relates the multiplicities of complex representations in A(F ) ⊗ C to the order of vanishing of the corresponding twisted L-functions at s = 1: Theorem 1.4. Let p be an odd prime, and suppose F/K is Galois and P ⊳ Gal(F/K) is a p-subgroup. Let A/K be a principally polarised abelian variety whose primes of unstable reduction are unramified in F/K. If the p-parity conjecture holds for A over the subfields of F P /K, then it holds over all subfields of F/K.
The general results on the p-parity conjecture (Theorems 1.6, 1.11 and 1.12) are given in §1.iii. But first we introduce our main tool from group theory, which may be of independent interest.
1.ii. G-sets versus G-representations. Let G be an abstract finite group. Suppose φ : H → φ(H) is a function that associates to every subgroup H < G a value in some abelian group A (written multiplicatively), and that φ takes the same value on conjugate subgroups. Recall that H ↔ G/H is a bijection between subgroups of G up to conjugacy and transitive G-sets up to isomorphism. So φ extends to a map from all G-sets to A by the rule φ(X ∐ Y ) = φ(X)φ(Y ). Let us call φ "representation-theoretic" if φ(X) only depends on the representation C[X].
Alternatively, say that a formal combination of (conjugacy classes of) subgroups Θ = i n i H i is a relation between permutation representations of G, or simply a G-relation, if In the context of number theory, G may be a Galois group of a number field F/Q, and φ(H) some invariant of the intermediate field F H . For instance, φ(H) could be the the degree of F H , its discriminant, class number or Dedekind zeta-function ζ F H (s) (with A = Z, Q × , Q × and the group of non-zero meromorphic functions on C, respectively). Of these four, all but the class number are representation-theoretic, e.g. The class number formula then yields an explicit identity between the corresponding class numbers and regulators ( h·Reg |µ| is representation-theoretic). We are going to study extensively G-relations and functions on G-relations, and present techniques for verifying when a function or a quotient of two such functions is representation-theoretic (see §2).
Regulator constants. Of particular interest to us is the function
that, for a fixed self-dual KG-representation ρ (K a field) with a G-invariant pairing , , computes the determinant of the matrix representing 1 |H| , on any basis of the H-invariants ρ H . Its significance will become clear when we discuss functions coming from abelian varieties. The fundamental property of D ρ is that if , is another pairing on ρ, then D , ρ /D , ρ is representationtheoretic. In other words, for every G-relation Θ = i n i H i , the quantity
is independent of the pairing. Following [6] we call C Θ (ρ) the regulator constant of ρ. (Their properties are discussed in §2.ii and §2.iv.) Example 1.5. Suppose G = D 2p n is dihedral with p = 2, and K = Q or Q p . The smallest subgroups {1}, C 2 , C p and D 2p form a G-relation
The irreducible KG-representations are 1 (trivial), ǫ (sign) and ρ k of dimension p k − p k−1 for every 1 ≤ k ≤ n; they are all self-dual. An elementary computation (see Examples 2.20, 2.21) shows that
1.iii.
Main results and applications. The central result of this paper is the p-parity conjecture for the following twists: for a group G, a prime p and a G-relation Θ, define T Θ,p to be the set of self-dualQ p G-representations τ that satisfy τ, ρ ≡ ord p C Θ (ρ) mod 2 for every self-dual Q p G-representation ρ (computing C Θ (ρ) with K = Q p ).
Theorem 1.6(a). Let F/K be a Galois extension of number fields. Suppose E/K is an elliptic curve whose primes of additive reduction above 2 and 3 have cyclic decomposition groups (e.g. are unramified) in F/K. For every p and every relation Θ between permutation representations of Gal(F/K), (−1)
τ,Xp(E/F ) = w(E/K, τ ) for all τ ∈ T Θ,p .
Theorem 1.6(b). Let F/K be a Galois extension of number fields. Suppose A/K is a principally polarised abelian variety whose primes of unstable reduction have cyclic decomposition groups in F/K. Let p be a prime, and assume that either
• p = 2, or • p = 2, the principal polarisation is induced by a K-rational divisor, and A has split semistable reduction at primes v|2 of K which have non-cyclic wild inertia group in F/K. For every relation Θ between permutation representations of Gal(F/K), (−1) τ,Xp(A/F ) = w(A/K, τ ) for all τ ∈ T Θ,p .
1 ⊕ ǫ ⊕ τ n ∈ T Θ,p .
If A/K is an abelian variety that satisfies the assumptions of Theorem 1.6, e.g. A is semistable at primes that ramify in F/K, the p-parity conjecture holds for the twist of A by 1 ⊕ ǫ ⊕ τ n . Applying this construction to the D 2p k -quotients of D 2p n , we deduce the p-parity conjecture for the twists of A by 1⊕ǫ⊕τ for every 2-dimensional irreducible representation τ of Gal(F/K).
As the p-parity conjecture is known to hold for elliptic curves over Q, and therefore for their quadratic twists as well, we find Corollary 1.10 (Parity conjecture in anticyclotomic towers). Let E/Q be an elliptic curve, L an imaginary quadratic field and p an odd prime. If p = 3, assume that either E is semistable at 3 or that 3 splits in L. Then for every layer L n of the Z p -anticyclotomic extension of L and every representation τ of Gal(L n /Q),
In §4 we generalise Example 1.9 to other groups with a large normal p-subgroup. Based on Theorem 1.6, and using purely group-theoretic manipulations we obtain (see Theorems 4.5, 4.2) Theorem 1.11. Suppose F/K is a Galois extension of number fields and the commutator subgroup of G = Gal(F/K) is a p-group. Let A/K be an abelian variety satisfying the hypotheses of Theorem 1.6 . If the p-parity conjecture holds for A over K and its quadratic extensions in F , then it holds for all twists of A by orthogonal representations of G.
When A = E is an elliptic curve and K = Q, the assumption on the p-parity conjecture is always satisfied, as we remarked above (in particular, we get Theorem 1.3). It also holds for those E/K that admit a rational p-isogeny under mild restrictions on E at primes above p; see Remark 4.6 for precise statements, an extension to abelian varieties and a list of references.
The condition that the commutator of G is a p-group is equivalent to the Sylow p-subgroup being normal with an abelian quotient. In other words, F should be a p-extension of an abelian extension of the ground field. For instance, the theorem applies when
• G is abelian (any p).
• G ∼ = D 2p n is dihedral.
• G is a 2-group and p = 2.
• G is an extension of C 2 by a p-group.
• G ∼ = (Z/p n Z) ⋊ (Z/p n Z) × , for instance F = Q(µ p n ,
•
for some elliptic curve C/K that admits a rational p-isogeny. Root numbers and parities of Selmer ranks in the last 3 cases have recently been studied by Mazur-Rubin [20, 21] , Hachimori-Venjakob [15] and one of us (V.) [8] , Rohrlich [31] and Coates-Fukaya-Kato-Sujatha [3] ; see also Greenberg's preprint [12] . This kind of extensions arise in non-commutative Iwasawa theory, where one has a tower F ∞ = F n with Gal(F ∞ /K) a p-adic Lie group. The Gal(F n /K) all have a "large" normal p-subgroup with a fixed "small" quotient. When this quotient is non-abelian, we have a weaker version of Theorem 1.11 (Theorems 4.3, 4.2; cf. also 4.4 for p = 2): Theorem 1.12. Suppose F/K is Galois and P ⊳ Gal(F/K) is a p-subgroup with p = 2. Let E/K be an elliptic curve (resp. principally polarised abelian variety) whose primes of additive reduction above 2, 3 (resp. all primes of unstable reduction) have cyclic decomposition groups in F/K. If the p-parity conjecture holds for E over the subfields of F P /K, then it holds over all subfields of F/K. Example 1.13. Let E/Q be an elliptic curve, semistable at 2 and 3. Take p = 2 and F n = Q(E[p n ]), so Gal(F n /Q) < GL 2 (Z/p n Z). If the p-parity conjecture holds over the subfields of the first layer Q(E[p])/Q, then it holds over all subfields of F n for all n. Incidentally, for p = 3 the "first layer" assumption is always satisfied (see Example 4.8).
Using the above theorems, it is also possible to get a lower estimate on the growth of the p ∞ -Selmer group in this tower by computing root numbers. For example, if p ≡ 3 mod 4 and E is semistable and admits a rational p-isogeny, then combining Theorem 1.3 and [31] Cor. 2 shows that dim X p (E/F n ) ≥ ap 2n for some a > 0 and large enough n.
Finally, let us point out some of the things that definitely can not be obtained just from Theorem 1.6. It is tempting to try and prove the p-parity conjecture for A/K itself by finding a clever extension F/K and a Gal(F/K)-relation Θ with 1 ∈ T Θ,p . However, Theorem 2.56 shows that all τ ∈ T Θ,p are even-dimensional (and have trivial determinant). So, even assuming finiteness of X and using several primes p, one requires at least one additional twist for which parity is known. For instance, the p-parity conjecture for all elliptic curves over Q can be proved for odd p by reversing the argument in 1.9 and 1.10: it is possible to find a suitable anticyclotomic extension where one knows p-parity for the twists by ǫ and some 2-dimensional irreducible τ , whence it is also true for 1. (This is the argument used in [6] .)
It is also worth mentioning that if ρ is an irreducible Q p G-representation which is either symplectic or of the form σ ⊕ σ * overQ p , then (−1) τ,ρ = 1 for every Θ and τ ∈ T Θ,p , so Theorem 1.6 yields no information about the parity of such ρ in X p (A/F ). Also, the theorem gives no interesting p-parity statements when p ∤ |G| or G has odd order.
For a summary of properties of τ ∈ T Θ,p and examples see §2.iv.
1.iv.
Regulator constants and parity of Selmer ranks. To explain our approach to the parity conjecture, let us first review the method of [6, 7] which allows one to express the Selmer parity in Theorem 1.6 in terms of local invariants of the abelian variety. Suppose F/K is a Galois extension of number fields. For simplicity, consider an elliptic curve E/K, and assume for the moment that the TateShafarevich group X is finite. Define the Birch-Swinnerton-Dyer quotient
the product of local Tamagawa numbers and periods, and ∆ K is the discriminant of K (see §1.vi for the notation). Whenever E i /K i are elliptic curves (or abelian varieties) that happen to satisfy i L(E i /K i , s) n i = 1, then i BSD(E i /K i ) n i = 1 as predicted by the Birch-Swinnerton-Dyer conjecture 1 . Taking the latter modulo rational squares (to eliminate X and torsion) yields a relation between the regulators and the local terms C. It turns out, and has already been exploited in [5, 6] , that this has strong implications for parities of ranks.
As a first example, if E admits a K-rational p-isogeny E → E ′ , then the equality L(E/K, s) = L(E ′ /K, s) leads to the congruence
where the second step is an elementary computation with height pairings. As a second example, if E/K is arbitrary and
, the corresponding products of Weil restrictions to Q have the same L-function, hence isomorphic l-adic representations (Serre [35] §2.5 Rmk. (3)), and are therefore isogenous (Faltings [9] ). This is sufficient, as X is assumed finite and BSD-quotients are invariant under Weil restriction (Milne [22] §1) and isogeny Thm. 7.3).
The main subject of this paper is another massive source of identities between L-functions, relations between permutation representations. If F/K is a Galois extension with Galois group G, then a G-relation
forces the identity L(E/F H i , s) n i = 1 by Artin formalism, which leads to
. By definition of the regulator,
where ρ = E(F ) ⊗ Q and , is the height pairing on E/F . So the multiplicities rk σ (E/F ) with which various irreducible QG-representations σ occur in E(F ) ⊗ Q satisfy
In other words, the p-parts of the left-hand side determine the parities of specific ranks: for any τ p ∈ T Θ,p ,
The three procedures may be carried out without assuming that X is finite, at the expense of working with Selmer groups rather than MordellWeil groups. In the first two cases, the outcome is
In the case of G-relations, according to [7] Thms. 1.1, 1.5, we have Theorem 1.14. Let F/K be a Galois extension of number fields with Galois group G. Let p be a prime and
The same is true for principally polarised abelian varieties A/K, except that when p = 2 we require that the polarisation comes from a K-rational divisor.
Remark 1.15. In contrast to Theorem 1.6, this result has no constraints on the reduction types of the abelian variety. So it always gives an expression for τ, X p (A/F ) for τ ∈ T Θ,p in terms of local data. Example 1.16. As in Example 1.9, suppose Gal(F/K) = D 2p n . Then for a faithful 2-dimensional representation τ , the parity of 1 ⊕ ǫ ⊕ τ, X p (A/F ) is determined by local Tamagawa numbers, as ord p C A/F /C A/F Cp mod 2. (Mazur and Rubin have another local expression for precisely the same parity; see [20] Thm. A.) 1.v. Root numbers and Tamagawa numbers. We have explained how in three situations (p-isogeny, quadratic twist, G-relations) the parity of some Selmer rank can be expressed in terms of local Tamagawa numbers. As root numbers are also products of local root numbers, this suggests a proof of the corresponding case of the parity conjecture by a place-by-place comparison (cf. [3, 5] for the isogeny case and [18, 19] for quadratic twists).
There are two subtle points: First, the local terms do not always agree. In each case, one needs a good expression for the root numbers, separating the part that does agree with C v and an "error term" that provably dies after taking the product over all places. This error term in the isogeny case is an Artin symbol ([3] Thm. 2.7, [5] Thms. 3, 4), for quadratic twists it is a Legendre symbol ( [19] p. 307), and in our case it comes out as the local root number w(τ ) 2 dim A (see Theorem 3.2). In fact, for group-theoretic reasons this contribution is trivial (Lemma A.1 and Theorem 2.56(1)), so here the local terms do agree.
Second, although the remaining compatibility of the corrected local root number and C v is a genuinely local problem, they are computed for completely different objects -for instance in Example 1.16 the representation 1 ⊕ ǫ ⊕ τ bears little resemblance to C E/F /C E/F Cp . In the isogeny and quadratic twist cases, the proof of this compatibility in [3, 5, 18 ] boils down to brutally working out an explicit formula for each term separately. That the two formulae then agree comes out as a miracle. In our case, for a fixed Galois group G and relation Θ this strategy works equally brutally, cf. [6] Prop. 3.3 for G = 1 0 * * ⊂ GL 2 (F p ). The general case occupies §3 and relies on the theory of G-relations and regulator constants from §2. We first reduce our "semilocal" problem (places can split in F/K) to one about abelian varieties over local fields. If now A/K is an abelian variety over a local field, in all cases covered by Theorem 1.6 there is an explicit λ = ±1 and a Gal(K/K)-module V such that
for all self-dual τ (see Table 3 .9). For instance, when A is semistable, λ = 1 and V = X(T * )⊗Q is the character group of the toric part of the reduction of the dual abelian variety (Proposition 3.26). The compatibility statement reduces to proving that the function
Let us note here that the statement of Theorem 1.14 is that D Xp / C v is representation-theoretic. Thus V plays the rôle of a "local version" of the Selmer module X p (A/F ). Curiously, V is a rational representation, which is only conjecturally true of the Selmer module. Example 1.17. Take K = Q p for an odd prime p, and E/K an elliptic curve with non-split multiplicative reduction of type I n . In this case the module V that computes root numbers is the 1-dimensional unramified character of order 2. Let us consider D V and C v (= c v , the local Tamagawa number) in the unique C 2 × C 2 extension of Q p :
is the quadratic unramified extension of Q p , and E has split multiplicative reduction precisely in those fields that contain it; d is the determinant of a fixed pairing on V , used in the definition of D V . The group C 2 × C 2 has up to multiples just one relation (see Example 2.3),
and so
is representation theoretic (modulo squares!), by inspection.
This example explains our need to understand G-relations, behaviour of functions and D ρ . To establish the compatibility of local root numbers and Tamagawa numbers in arbitrary extensions (Theorem 3.2), even for elliptic curves with non-split multiplicative reduction, requires the full force of the machinery of §2.
1.vi. Notation. For an abelian variety A/K we use the following notation:
(local/global) root number for the twist of A by τ , see [30] .
local Tamagawa number of A at a finite place v of K (when K is local, the subscript v is purely decorational).
the normalised absolute value, and ω o a Néron differential;
for any global non-zero regular exterior form ω; independent of ω (product formula). Notation for representations G → GL n (K), K a field of characteristic 0: , G , , usual inner product of two characters of representations; K[G] regular representation; K[G/H] permutation representation of G on the left cosets of H; 1 trivial representation; τ * contragredient representation; ρ H the H-invariants of ρ. We call ρ self-dual if ρ ∼ = ρ * , equivalently ρ ⊗K ∼ = ρ * ⊗K.
For a K-vector space V and a non-degenerate K-bilinear pairing , with values in L ⊃ K, we write det( , |V ) ∈ L × /K ×2 for det( e i , e j i,j ) in any K-basis {e i } of V .
For functions on subgroups of G we use the following notation:
see Definitions 2.33, 2.35.
D 2n denotes the dihedral group of order 2n (including C 2 × C 2 for n = 2). Conjugation of subgroups is usually written as a superscript, H x = xHx −1 . By a local field we mean a finite extension of Q p , R or F p ((t)) (the latter will never occur). We write e M/L , f M/L for the ramification degree and the residue degree of an extension M/L of local fields, µ n for the set of n th roots of unity and ord p for the p-valuation of a rational or a p-adic number.
Functions on the Burnside ring
This section is dedicated to relations between permutation representations, behaviour of functions on the Burnside ring with respect to such relations, the issue whether a function is representation-theoretic, and regulator constants. As explained in the introduction, the applications we have in mind relate to elliptic curves and abelian varieties. On the other hand, the results are self-contained, purely group-theoretic in nature, and they may be of independent interest.
Throughout the section G is an abstract finite group.
2.i. Relations between permutation representations.
Let G be a finite group and S the set of subgroups of G up to conjugacy. By abuse of notation, for a subgroup H < G we also write H for its class in S.
The Burnside ring of G is the free abelian group ZS (we will not use its multiplicative structure). The elements of S are in one-to-one correspondence with transitive G-sets via H → G/H. This extends to a correspondence between elements of ZS with non-negative coefficients and finite G-sets, under which addition translates to disjoint union. 
a relation between permutation representations of G or simply a G-relation if
is zero. In other words, if Θ corresponds to a formal difference of two G-sets, we require that they have isomorphic permutation representations.
Exercise 2.2.
A cyclic group C n has no non-trivial relations.
Example 2.3. The group G = C 2 ×C 2 has five subgroups {1}, C a 2 , C b 2 , C c 2 , G and four irreducible representations 1, ǫ a , ǫ b , ǫ c . Writing out the permutation representations,
we see that, up to multiples, there is a unique G-relation
When n is odd it can be written as {1} − 2 C 2 − C n + 2 D 2n , and it is unique up to multiples when n is prime. For D 8 and D 12 , together with
it forms a Z-basis of all G-relations (cf. 
Similarly, if E/K is an elliptic curve (or an abelian variety), (1) The sum and the difference of two G-relations is a G-relation.
Proof. (1), (2), (3) Clear. (4) Induction is transitive. (5) This follows from the fact that
come from orbits of N on G/H, so this space has a basis { x∈∆ xH} ∆ with ∆ ranging over the double cosets N \G/H (=G/N H). As N is normal, G permutes the basis elements, and this is the same as the action on G/N H.) (6) This is a consequence of Mackey's formula,
Properties (3) and (4) allow one to lift relations from quotient groups and induce them from subgroups. This is not to suggest that relations can always be built up like that, for instance dihedral groups have relations while cyclic groups do not. Here is a case when this does work: Lemma 2.9. Let D ⊳ G, and suppose that G acts on the Burnside ring of D by conjugation through a quotient of order n.
( As a G-relation, we may write nΘ as
We claim that in this form it is a D-relation. Indeed, restricting it to D, on the one hand, yields a D-relation (Theorem 2.8 (6)) and, on the other hand, multiplies the expression by [G : D]. Hence the expression itself is a D-relation.
The first term is a relation lifted from G/N (Theorem 2.8 (5)), and the second term is therefore a G-relation with constituents in D, so (1) applies.
Example 2.10. Suppose G = C u2 m × C 2 k with u odd and k > m. Set
Every element outside G 2 generates a subgroup containing G 1 , so every subgroup not in G 2 contains G 1 . Since every subgroup of G is normal, Lemma 2.9(2) shows that every G-relation is a sum of a relation coming from G 2 and one lifted from G/G 1 . By induction, the lattice of G-relations is generated by ones coming from subquotients
is a sum of a relation induced from G 2 and one lifted from G/G 1 . If 4 ∤ n, it is easy to verify that every subgroup of G 2 is normal in G, so Θ itself is already of this form.
Observe that G 2 ∼ = C n × C 2 k−1 , whose relations were discussed in the previous example.
2.ii. Regulator constants. Let K be a field of characteristic 0. In this section we define regulator constants for self-dual KG-representations, first introduced in [6] for K = Q. (The name "regulator constant" comes from regulators of elliptic curves; see §1.iv.) Notation 2.12. Suppose V is a K-vector space with a non-degenerate
Definition 2.13. Let G be a finite group, ρ a self-dual KG-representation, and Θ = i n i H i a G-relation. Pick a G-invariant non-degenerate K-bilinear pairing , on ρ with values in some extension L of K, and define the regulator constant
(This is well-defined, non-zero and independent of , by Lemma 2.15 and Theorem 2.17. It follows that it lies in K × /K ×2 rather than L × /K ×2 as the pairing can be chosen to be K-valued.)
Exercise 2.14.
Lemma 2.15. Suppose ρ is a KG-representation, and , a G-invariant K-bilinear non-degenerate pairing on ρ. For every H < G, the restriction of , to ρ H is non-degenerate. In other words, det( , |ρ H ) = 0.
Proof. Consider the projection P :
So ρ H and ker P are orthogonal to each other, and the pairing cannot be degenerate on either of them.
Proof. By Frobenius reciprocity,
We now prove that regulator constants are independent of the pairing:
Computing the determinants with respect to the same bases of ρ H i on both sides,
(This is an actual equality, not modulo K ×2 .)
Proof. We may assume K is algebraically closed. It is enough to prove the statement for a particular choice of bases of ρ H i , as seen from the transformation rule X → M t XM for matrices of bilinear forms under change of basis. If ρ = α ⊕ β with α, β self-dual and Hom G (α, β * ) = 0, then a, b 1 = 0 for a ∈ α and b ∈ β, and similarly for , 2 . Since ρ H = α H ⊕ β H , choosing bases that respect the decomposition reduces the problem to α and β separately. Thus, we may assume that either ρ = τ ⊕n with τ irreducible and self-dual, or ρ = σ ⊕n ⊕ (σ * ) ⊕n with σ irreducible and not self-dual.
In the first case, for each H i fix a basis of τ H i and take the induced bases of (τ H i ) ⊕n = ρ H i . Let , τ be a non-degenerate G-invariant bilinear pairing on τ , and let M i be its matrix on the chosen basis of τ H i . As , τ is unique up to scalar (K is algebraically closed), the matrix of , 1 on ρ H i is
The dimensions dim τ H i cancel in Θ by Lemma 2.16, so i det(
does not depend on Λ, and takes therefore the same value for , 2 .
The argument in the second case is similar. The matrix of , 1 on ρ H i is of the form
where M i and M ′ i are the matrices of a fixed G-invariant non-degenerate pairing , σ : σ × σ * → K and its transpose. Again the contributions ((−1) n det Λ det Λ ′ ) dim τ H i cancel in Θ and the result follows.
Corollary 2.18. Regulator constants are multiplicative in Θ and ρ,
Take the standard pairing on ρ, making the elements of G/D an orthonormal basis. The space of invariants ρ H has a basis consisting of H-orbit sums of these basis vectors. Since det( , |ρ H ) is the product of lengths of these orbits,
which yields an elementary formula for the regulator constants of ρ. Note that for many groups, every KG-representation is a Z-linear combinations of such ρ, e.g. dihedral groups D 2p n when K = Q or Q p , or symmetric groups.
Example 2.20. For an odd prime p, the dihedral group G = D 2p has the relation (cf. Example 2.4) 
Generally, suppose G = D 2p n with p odd, and consider the G-relations coming from various D 2p subquotients,
The irreducible Q p G-representations are 1, sign ǫ and ρ k of dimension p k −p k−1 for 1 ≤ k ≤ n. A computation as in Example 2.20 shows that
(1 ≤ k < n).
, gh in terms of the generators given in Example 2.4. In this case, the irreducible Q 2 G-representations are 1 (trivial), ρ k of dimension 2 k −2 k−1 for 2 ≤ k ≤ n, and one-dimensional characters ǫ, ǫ a , ǫ b that factor through G/C 2 n , G/D a 2 n−1 and G/D b 2 n−1 respectively. The regulator constants are
and trivial on other irreducibles.
, which is the semi-direct product of C 3 by the quaternion group Q 8 . Denote its complex irreducible representations by 1, χ,χ (1-dim.), τ, χτ,χτ (τ symplectic 2-dim.) and ρ (3-dim.). A basis of G-relations and their regulator constants for the QG-irreducibles are
The table stays the same if Q is replaced by any K of characteristic 0, except that τ may become realisable over K, in which case C K Θ (τ ) and not just C K Θ (τ ⊕2 ) makes sense. This regulator constant will still be 1 by Corollary 2.25 below, because τ is symplectic. Observe that in the table the representations V ⊕ V * also have trivial regulator constants, which is true for all groups by the same corollary.
Let us record a number of situations when the regulator constants are trivial; other properties are discussed in §2.iv. The following result, or rather Corollary 2.25, was motivated by the behaviour of root numbers of elliptic curves (see Proposition A.2).
Proof. Since dim Hom G (1, ρ∧ρ) is the same over K andK, there is also a nondegenerate alternating G-invariant pairing , on ρ itself. By Lemma 2.15, its restriction to ρ H is non-degenerate (and alternating) for every subgroup H of G. In an appropriate basis for ρ H this pairing is given by a matrix
Proof. It suffices to check that in each case ρ ⊗ KK carries a non-degenerate alternating G-invariant pairing. This holds by definition in case (1). In cases (2) and (3), ρ ⊗ KK is of the form V ⊕ V * . Writing P for the matrix of the canonical map V × V * →K, the pairing 0 −P t P 0 has the required properties.
Remark 2.27. Suppose R is a principal ideal domain whose field of fractions K has characteristic coprime to |G|. If ρ is a free R-module of finite rank with a G-action, then C Θ (ρ) may be defined in the same way,
where the determinants are now computed on R-bases of ρ H i . The pairing , may take values in any extension of K as before, and the class of
For instance, when R = Z the group R ×2 is trivial, so C Θ associates a welldefined rational number to every ZG-lattice. Also, if R is a discrete valuation ring with maximal ideal m and residue field R/m = k with char k ∤ |G|, it is not difficult to see that C Θ (ρ ⊗ K) is in R × /R ×2 , and
As every KG-representation admits a G-invariant R-lattice, we deduce or, equivalently, functions on G-sets that satisfy ϕ(X ∐ Y ) = ϕ(X)ϕ(Y ). Our main concern is the distinction between functions that are representationtheoretic (i.e. only depend on C[X]) and those that are not. We say that • ϕ is trivial on an element Ψ of the Burnside ring of G if ϕ(Ψ) = 1.
• ϕ ∼ ϕ ′ if ϕ/ϕ ′ is trivial on all G-relations. So, ϕ is representation-theoretic in the sense of §1.ii if and only if ϕ ∼ 1.
Example 2.30. The constant function ϕ : H → λ is trivial on G-relations:
Example 2.31. A cyclic group has no relations, so ϕ ∼ 1 for every ϕ.
Example 2.32. If E/K is an elliptic curve and
is a function with values in the multiplicative group of meromorphic functions on Re s > 3 2 . By Artin formalism, L ∼ 1 (Example 2.6). As explained in §1.iv, the Birch-Swinnerton-Dyer conjecture implies that 
In this case we write ϕ = . Example 2.34. Such functions arise naturally in a number-theoretic setting. Suppose F/K is a Galois extension of number fields and v a place of K. Write G = Gal(F/K) and D = Gal(F z /K v ) for the local Galois group at v (more precisely, a fixed decomposition group at v, so D < G). Under Galois correspondence, ϕ D associates something to every extension of
(The double cosets HxD correspond to the places w of L = F H above v, and H ∩ D x are their decomposition groups in Gal(F/L) = H.) Typical local functions are those counting primes w above v in F H , or primes with a given residue field F q : [H∩D x : H∩I x ] (the order of Frobenius in F/K divided by that in F/F H ). Many of the local functions that we will consider in §3 can be expressed through e and f , which motivates the following definition. 
Finally, we record a variant of the "descent" criterion of Theorem 2.36d. Proof. The double cosets H\G/N are precisely the left cosets G/N for H ⊂ N , and there is a unique double coset otherwise.
2.iv. D ρ and T Θ,p .
We now introduce the function D ρ that computes regulator constants, and use it to study their properties. Once again, K is any field of characteristic zero. At the end of the section, we reformulate these results for K = Q p in terms of the sets T Θ,p of §1.iii.
Definition 2.40. For a self-dual KG-representation ρ with a non-degenerate K-valued G-invariant bilinear pairing , , define
By G-invariance of the pairing, as functions to K × /K ×2 .
Proof. Pick a D-invariant non-degenerate K-bilinear pairing , on ρ. For a D-set X, define a pairing (, ) on Hom(X, ρ) by
If X = D/U , the pairing (, ) on Hom D (X, ρ) ⊂ Hom(X, ρ) agrees with .
Regulator constants behave as follows under lifting, induction and restriction of relations (cf. Theorem 2.8).
Proposition 2.45. Let ρ be a self-dual KG-representation.
( In view of Example 2.41, the regular representation has trivial regulator constants. Generally, we have 
Reformulation for K = Q p . We now define the sets of representations T Θ,p that encode those representations whose regulator constants are "p-adicially non-trivial". It is for these twists that we prove the p-parity conjecture (Theorem 1.6). So let us also restate the properties of regulator constants in this language (T Θ,p -ese?) Definition 2.50. Suppose K = Q p . For a G-relation Θ define T Θ,p to be the set of self-dualQ p G-representations τ that satisfy
Remark 2.51. For instance, T Θ,p contains representations of the form
These are indeed self-dual, since C Θ (σ ⊕ σ * ) = 1 by Corollary 2.25. Note also that these particular representations have no symplectic constituents or those with even Schur index, by the same corollary.
A general element of T Θ,p differs from this one by something in T 0,p , in other words by a self-dual (virtual)Q p -representation whose inner product with any self-dual Q p -representation is even. Concretely, T 0,p is generated by representations of the form σ ⊕ σ * (in particular σ ⊕2 for self-dual σ), and irreducible self-dual σ with either an even number of Gal(Q p /Q p )-conjugates or even Schur index over Q p .
In the context of the p-parity conjecture, the elements of T 0,p correspond to twists τ for which the conjecture should "trivially" hold. The parity of τ, X p (A/F ) is even, and we expect w(A, τ ) = 1 for these τ . (This is indeed the case whenever we have an explicit formula for this root number.) 
for some G-relations Θ, Θ ′ , Θ ′′ (see [6] Ex. 2.19).
Theorem 2.56 (Properties of T Θ,p )
. Let Θ be a G-relation and τ ∈ T Θ,p .
(1) τ has even dimension and trivial determinant. 
(5) Same computation, using Proposition 2.45(3). (6), (7) Reformulation of 2.28 and 2.46-2.49.
is even by (6) . Now det τ (g) = 1 for all g ∈ G if and only if det Res H τ = 1 for all cyclic H < G. So (4) reduces the problem to cyclic groups, where it is clear (see Example 2.52).
Corollary 2.57. 1 ∈ T Θ,p and 1⊕ǫ ∈ T Θ,p for any 1-dimensional ǫ ∼ = 1. Remark 2.58. In view of Theorems 1.14 and 1.6 we may call T p = Θ T Θ,p the space of "p-computable" twists. This set of representations is canonically associated to a finite group G and a prime number p. It behaves well under restriction and induction, and is closed under direct sums and tensor product with permutation representations (since τ ⊗ Ind 
Root numbers and Tamagawa numbers
The aim of this section is to establish the following statement about compatibility of local root numbers and local Tamagawa numbers. The proof will occupy all of § §3.i-3.v. But first, we will explain how together with Theorem 1.14 it implies Theorem 1.6, the central result of this paper on the p-parity conjecture. In fact, we expect the theorem below to hold for all principally polarised abelian varieties, and this would imply that the restrictions on the reduction of A in Theorem 1.6 could be removed. Notation 3.1. Let K be a local field of characteristic zero, F/K a Galois extension, and A/K an abelian variety. For H < Gal(F/K) write (cf. §1.vi)
for any exterior form ω o on A/K, minimal if K is non-Archimedean. (We insist on minimality only for convenience: Theorem 3.2 below holds for any choice of ω because
, cf. proof of Corollary 3.4.) 
Theorem 3.2 (Existence of V). Let K be a local field of characteristic zero, F/K a Galois extension with Galois group D and A/K a principally polarised abelian variety. Assume that either (1) D is cyclic, (2) A = E is an elliptic curve with semistable reduction,
= i n i H i , i C v (A/F H i ) n i ≡ C Θ (V) mod Q ×2 .
In the following exceptional subcase of (4) we only claim (Tam) up to multiples of 2: (4ex) A/K is semistable, K has residue characteristic 2, the wild inertia group of F/K is non-cyclic and A/K does not acquire split semistable reduction over any odd degree extension.
In the setting of the theorem, let Θ be a D-relation and p a prime number, odd in case (4ex). For any τ ∈ T Θ,p , we obtain a chain of equalities:
(note that C v (Θ) ∈ Q × /Q ×2 even for K = R, C by property (Tam), so ord p C v (Θ) makes sense). By the determinant formula w(τ ) 2 = 1, as τ is self-dual and has trivial determinant (Theorem 2.56(1), Lemma A.1). Thus,
Corollary 3.3 (Local compatibility). Suppose F/K and A/K are as in Theorem 3.2. Let Θ be a D-relation and p a prime number, odd in case (4ex).
Then for every τ ∈ T Θ,p ,
Now let us deduce Theorem 1.6. Suppose F/K is a Galois extension of number fields, A/K an abelian variety and v a place of K. Fix a non-zero regular exterior form ω on A/K, and define functions on the Burnside ring of Gal(F/K) by
the first product taken over the places of F H above v.
Corollary 3.4. Let F/K be a Galois extension of number fields, A/K an abelian variety, and fix a place
z of F above a place v of K. Suppose A/K v , F z /K v satisfy
the assumptions of Theorem 3.2, and let p be a prime number, odd in case (4ex). Then for every Gal(F/K)-relation Θ and τ
∈ T Θ,p , w(A/K v , Res Gal(Fz/Kv) τ ) = (−1) ord p C w|v (Θ) .
If the assumptions hold at all places v of K, then
Proof. Write D = Gal(F z /K v ) < Gal(F/K) for the decomposition group of z, and I for its inertia subgroup. First note that C w|v (Θ) is independent of the choice of the exterior form ω: if ω = αω ′ , then 
= (−1)
τ,Xp(A/F ) .
3.i. Setup.
In the remainder of §3 we prove Theorem 3.2. Let A/K and F/K be as in the theorem, in particular K is again local. We split cases (1)-(3) into subcases and define an extension L of K as follows:
|D| is even; L is the unique quadratic extension of K inside F . (2) A = E is an elliptic curve with semistable reduction.
(2G) E has good reduction; L = K.
(2S) E has split multiplicative reduction; L = K. (2NS) E has non-split multiplicative reduction; L/K is quadratic unramified. (3) A = E is an elliptic curve with additive reduction, K has residue characteristic l > 3. Write ∆ E and c 6 for the standard invariants of some model of E/K and e = 12 gcd(12,ord ∆ E ) . (3C) E has potentially good reduction, µ e ⊂ K;
(4) A/K has semistable reduction; L is the smallest unramified extension of K where A acquires split semistable reduction.
We remind the reader that (4) has a subcase (4ex), see Theorem 3.2. Note that (1) includes Archimedean places, and in (2)-(4) L is a minimal Galois extension of K where A acquires split semistable reduction (cf. Lemma 3.22). In view of Lemma 3.8 below, we may and will henceforth assume Hypothesis 3.6. F contains L.
Notation 3.7. Henceforth write
We work extensively with functions from the Burnside ring of D to Q × /Q ×2 . For brevity, The choice of V is forced by formulae for the local root numbers w(A/K, τ ). For a self-dual representation τ of Gal(F/K), we claim that
with λ = ±1 and the representation V of D/D ′ given in Table 3 .9. Here w(χ) 2 dim A , ǫ is as in [30] Thm. 2 (we will not need it explicitly) and X(T * ) is the character group of the torus in the Raynaud parametrisation of the dual abelian variety A t , see §3.v.
Granting the claim, define
It remains to prove the following Proposition 3.10. In each of the cases (1)- (4) and V, λ as in Table 3 .9, we have D V ∼ C v (up to multiples of 2 in case (4ex)) and
The proof is a case-by-case analysis and will occupy §3.ii- §3.v.
3.ii.
Case (1): Cyclic decomposition group.
Moreover, w(A/K) and
Proof. For the last claim, local root numbers of abelian varieties are ±1, see e.g. [34] §1.1. So w(A/K) = ±1, and the same holds for the quadratic twist of A by χ. By the determinant formula, w(χ) 2 = ±1 as well (Lemma A.1).
By Lemma A.1, w(A/K, ρ ⊕ ρ * ) = 1 for every representation ρ, so it suffices to check the formulae for τ = 1 and for τ = χ when [F : K] is even. But this is clear as w(1) = 1.
As D is cyclic and has therefore no relations, we trivially have
This proves Proposition 3.10 in Case (1). 3.iii. Case (2): Semistable elliptic curves. The root number formula follows from [30] Thm. 2 and the determinant formula (Lemma A.1).
We now prove that
Tate's algorithm ( [38] , IV.9), in terms of e = e F H /K and f = f F H /K these Tamagawa numbers are:
3.iii.2. (Case 2S) E has split multiplicative reduction.
If E/K has type I n , 3.iv. Case (3): Elliptic curves with additive reduction. We now come to the truly painful case of additive reduction. Thus l = 2, 3 is a fixed prime, K a finite extension of Q l and E/K has additive reduction. We write q for the size of the residue field of K and δ for the valuation of the minimal discriminant of E/K. The asserted root number formula again comes from [30] Thm. 2, and it remains to show
Decompose the functions
These are well-defined on conjugacy classes of subgroups of D and take values in Q × /Q ×2 . The pairing , on V may be chosen arbitrarily, and we picked one that seemed natural to give explicit values of a in Tables 3.14, 3.17 (write V as a sum of permutation modules and use Example 2.19). The function ω may be expressed in terms of e = e F H /K and f = f F H /K as follows. The minimal discriminant of E/K has valuation δe over F H , so ω(H) = q ⌊(δe−δ H )/12⌋f where δ H is the valuation of the minimal discriminant of E/F H (cf. [37] Table III.1.2) . If E has potentially good reduction, then 0 ≤ δ H < 12. If the reduction is potentially multiplicative of type I * n (so δ = 6 + n), it becomes I * ne over F H if e is odd (δ H = 6 + ne), and I ne if e is even (δ H = ne). It follows easily that ω = , if E has potentially multiplicative reduction. 3.iv.1. Reduction to 2-power residue degree.
Proof. For c v this follows from Lemma 3.22. For ω this is clear. 
Let e = e L/K be the ramification degree of L over K. The extension is either cyclic or dihedral (cf. Table 3.9), to be precise
As E/L has good reduction, δe ≡ 0 mod 12, and e is the smallest such integer. Moreover, q ≡ (−1) t mod e with t = 0 in Case 3C and t = 1 in Case 3D (see e.g. [30] Thm. 2). As V is a Gal(L/K)-representation, both a(H) and the exponent dim V H in d(H) depend only on F H ∩L. In Case 3C, V = 0 and a(H) = d(H) = 1. For Case 3D, we summarise in Table 3 .14 the subgroups H (up to conjugacy) of
with the following data: in the top row is H and its generators; in the 
V g,h 3 3 * I * 0 ,? denotes a square value, ? an undetermined value, V = C 2 ×C 2 . The entries 1(3) and 3(1) for the Tamagawa numbers in the table for e = 6 mean that there are actually two tables, one with 1 and 3 and one with 3 and 1. (Similarly for 2(4) and 4(2) when e = 4.) There are also identical tables, but with II, III, IV replaced everywhere by II * , III * and IV * , respectively. Remark 3.15. Note from the pictures that c v ∼ a in Gal(L/K)-relations in Case D; see Example 2.4 for the list of relations. This is also true in Case C, as Gal(L/K) is cyclic and has no relations. Now, a is a function lifted from Gal(L/K). If c v were such a function as well, we would have c v ∼ a in general by Theorem 2.36q. Unfortunately, life is not that simple, and we will use the full force of the machinery in §2 to establish the result. 
Proof. We proceed as follows
Step 1: Reduction to D = C e ⋊ C 2 k .
We claim that a and c v are both lifted from Gal(L u /K), where we use u to denote the maximal unramified extension in F . Then by Theorem 2.36q we may replace F by L u , and we will be left with the case e F/K = e and D = C e ⋊ C 2 k .
That a lifts from Gal(L u /K) is clear. In view of Lemma 3.22, to see that c v has this property it is enough to check that for every intermediate field M of F/K, the extension M/M ∩ L u is totally ramified with gcd(e M/K , e) = gcd(e M ∩L u /K , e). By Lemma 3.24, there is a subfield K ⊂ M e ⊂ M with M/M e totally ramified and e Me /K = gcd(e M/K , e); so it suffices to show that
We now have
with x +1 in Case 3C and x −1 in Case 3D, I = C e = x and e = 2, 3, 4, 6.
Step 2: Proof for e = 2, 3, 6. Suppose e = 2, 3 or 6. By Examples 2.10, 2.11 (note that 4 ∤ e), it is enough to prove that c v /a is trivial on relations of all the subquotients H t /N t where
In Case 3D, the t = 0 quotient is D/D ′ ∼ = D 2e , where c v /a does cancel in relations by Remark 3.15. We consider the remaining subquotients ( ∼ = C e ×C 2 ) in Cases C and D, according to the value of e. If e = 3, these are cyclic and have no relations, so the result is trivial. If e = 6, H t /N t has the following lattice of subgroups. Here we specify the group name, its generators (h is the image of x, and g a suitable element of order 2), the value of a (X = 1 in Case 3C, and X = 3 in Case 3D), the reduction type and Tamagawa numbers over the corresponding fields: Table 3 .17.
The lattice of relations is generated by
, on each of which a/c v is trivial by inspection. Finally if e = 2, the subquotients are isomorphic to C 2 × C 2 , and the data for their subgroups is the same as for the subgroups of V ⊂ C 6 × C 2 in Table 3 .17 with X = 1. Once again, a/c v is trivial on the unique C 2 ×C 2 relation, which completes the proof that c v ∼ a for e = 4.
Step 3: Proof for e = 4.
Suppose e = 4 and we are in Case 3D. By Example 2.11 and the proof of Lemma 2.9(1), every D-relation is a sum of one lifted from D/D ′ ∼ = D 8 and a D-relation with terms in U = x, y 2 . By Remark 3.15, c v /a cancels in relations of D/D ′ , so it suffices to prove cancellation in D-relations whose terms lie in U . Subgroups of U project to subgroups of C 4 in D/D ′ , so a = 1 for these (see Table 3 .14). Hence it is enough to show that the following function cancels in D-relations with terms in U :
As x 2 , y and x 2 , y are normal in D, the "correction terms" are the same for conjugate subgroups, so this is a function on the Burnside ring of D. Exceptionally, we viewc v as a function to R >0 , not (!) to Q × /Q ×2 . The point is that now it suffices to check that it cancels in U -relations, since a multiple of a D-relation with terms in U is an U -relation by Lemma 2.9(1), and taking roots is perfectly ok in R >0 . By Example 2.10, U -relations are generated by those coming from the subquotients H t /N t (1 ≤ t ≤ k − 2) with
In such a subquotient, let g and h be the images of x and y 2 t respectively. Note that the field F Ht ( √ ∆ E ) corresponds to g 2 , h . (By Lemma 3.22, it distinguishes between c v = 2 and c v = 4 in the I * 0 -case; c v = 1 cannot occur because E/K has c v = 2 and so has non-trivial 2-torsion in every extension of K, see Remark 3.23.) The subquotient H t /N t has a basis of 5 relations, given below with the correspondingc v :
As thec v cancel in all relations, this proves the claim in Case 3D. Finally, in Case 3C the a and the c v are the same as for the subgroup H 1 of Case 3D, so they again cancel in relations. . Proof. As before, write δ for the valuation of the minimal discriminant of E/K and q for the size of the residue field of K. So q ≡ (−1) t mod e with t = 0 in Case 3C and t = 1 in Case 3D. If q is an even power of the residue characteristic l, then t = 0 and ω = q ... = 1 ∈ Q × /Q ×2 as asserted. Suppose from now on that q is an odd power of l, so ω = ; . The order of W is a power of l, so let us define k by e = l k .
Define n ∈ {0, 1} by   I, W, . Proof. In Case 3C, the module V is zero and the result is trivial, so suppose we are in Case 3D. By definition, d(H) is either 1 or |H| (up to squares), depending on the intersection of F H with the dihedral extension L/K. We may replace |H| by [D : H] = e F H /K f F H /K by Lemma 2.16. Inspecting * in Table 3 .14, we find that for H ⊃ D ′ (i.e. corresponding to subfields of L),
By Lemmas 3.24, 3.25, the condition "2|f or e|e" holds for a general F H if and only if it holds for F H ∩ L. Therefore
Recall that 2, 3 ∤ |W | and that [D : I] is a power of 2 (Lemma 3.13). Thus
Combining Propositions 3.16, 3.18 and 3.19 proves Proposition 3.10 in Cases (3C) and (3D).
3.iv.3. (Case 3M) E/K has potentially multiplicative reduction.
In view of Lemma 3.13, it suffices to prove the following
Proof. As V is a C 2 -representation and C 2 has no relations, a ∼ 1 by Theorem 2.36q. Also ω = ; ∼ 1, by the proof of e = 2, δ = 6 case of Proposition 3.18.
Write L u and K u for the maximal unramified extensions of L and K inside F , respectively. By Lemma 3.24, the function
By Theorem 2.36q, it suffices to prove that c v /d is trivial on Gal(L u /K)-relations. A list of generating relations is given in Example 2.10 (with u = 1 and m = 1). These come from C 2 ×C 2 -subquotients, each with one relation (Example 2.3) and it is elementary to verify that c v /d is trivial on these.
3.iv.4. Appendix: Local lemmas.
Lemma 3.22. Let K ′ /K/Q l be finite extensions with l ≥ 5, and let E/K be an elliptic curve with additive reduction,
Write ∆ = −16(4A 3 + 27B 2 ) for the discriminant of this model, ð for its K-valuation, and e = e K ′ /K . If E has potentially good reduction, then
If E has potentially multiplicative reduction of type I * n over K, then
Proof. This follows from Tate's algorithm ( [38] , IV.9).
Remark 3.23. Let K be a finite extension of Q l with l ≥ 5, and E/K an elliptic curve. Recall that c v (E/K) is the size of the Néron component group E(K)/E 0 (K). When E/K has additive reduction, this group is of order at most 4, and is isomorphic to the prime-to-l torsion in E(K). (Use the standard exact sequence [37] VII.2.1 and note that multiplication-by-l is an isomorphism both on the formal group of E and on the reduced curve.) In particular, in the I * 0 case of the lemma, c v (E/K ′ ) = 1 if and only if E/K ′ has trivial 2-torsion. Proof. Replacing K by its maximal unramified extension in L, we may assume that L/K is totally ramified. Let F be the Galois closure of L/K, and write G = Gal(F/K), H = Gal(F/L) and I for the inertia subgroup of G. Let N be the unique index m subgroup of I. We claim that M = F N H will do. Proof. For e = 2 this is elementary. Otherwise, K(µ e ) = K ′ and it suffices to prove that every totally ramified degree e extension of K is contained in
For e = 3 suppose L/K is cubic totally ramified. It cannot be Galois by local class field theory, since the units of K have no index 3 subgroups. So its Galois closure is an S 3 -extension, which is tame and so contains K ′ = K(µ 3 ). By Kummer theory, LK ′ /K ′ is contained in the C 3 ×C 3 -extension M of K ′ obtained by adjoining cube roots of all elements of K ′ . But it is easy to see that Gal(M/K) ∼ = C 6 ⋉ C 3 has a unique S 3 -quotient, so
For e = 4, every totally ramified quartic extension of K has a quadratic subfield by Lemma 3.24, so there are at most 4 of them by the e = 2 case. Since in this case K ′ ( e √ π) has 4 totally ramified subfields corresponding to the non-normal subgroups of order 2 in D 8 , they are all contained in it.
For e = 6 the assertion follows from the e = 2 and e = 3 cases (apply Lemma 3.24 for m = 2 and m = 3). 
In particular, T p (A) has a filtration with graded pieces
Now suppose A/K has semistable reduction. The reduction becomes split semistable over some finite unramified extension of K, and we take L to be the smallest such field; so now Gal(L/K) is cyclic, generated by Frobenius. To describe the Tamagawa number c v (A/K) and the action of inertia on T p (A) we use the monodromy pairing
This is a non-degenerate Gal(L/K)-invariant pairing, and induces a Galoisequivariant inclusion of lattices
These have the same Z-rank, so N has finite cokernel. Moreover, N is covariantly functorial with respect to isogenies of semistable abelian varieties. Any polarisation on A gives a map X(T * ) → X(T ), and the induced pairing
In particular, if A is principally polarised, we get a perfect Galois-equivariant symmetric pairing
If K ′ /K is a finite extension, then X(T ) and X(T * ) remain the same modules (restricted to Gal(LK ′ /K ′ ) ⊂ Gal(L/K)) by uniqueness of Raynaud parametrisation. The map N becomes e K ′ /K N , see [13] 10.3.5. The Gal(K/K)-module gr 2 ⊕ gr 1 ⊕ gr 0 is unramified and semisimple, so it is a semisimplification of T p A. With respect to this filtration, the inertia group acts on T p A by
Let Φ be the group scheme of connected components of the special fibre of the Néron model of A/O K . It is anétale group scheme over the residue field k of K, so Φ(k) = Φ(k) Gal(k/k) consists of components defined over k. As K is complete and k is perfect, by [2] Lemma 2.1 the natural reduction map A(K) → Φ(k) is onto, so c v (A/K) = |Φ(k)|. Finally, by [13] Thm. 11.5, Φ = coker N as groups with Gal(k/k) = Gal(K un /K)-action, so
3.v.2. Local root numbers for twists of semistable abelian varities.
Proposition 3.26. Suppose A/K is semistable, let F/K be a finite Galois extension containing L, and τ a complex representation of Gal(F/K). Then
for some p = l, and let H 1 (A) ss be its semisimplification. Write V = X(T * ) ⊗ Q, and sgn z = z/|z| for z ∈ C × . By the unramified twist formula [39] 3.4.6,
for some integer ν and F = Frob 
where the penultimate equality again comes from [39] 3.4.6. If η denotes the unramified character F → −1, we have
and similarly for τ I in place of V , as they are both self-dual and unramified. Now a trivial computation shows that
coincides with w(A/K, τ )/w(τ ) 2 dim A , as asserted. Proof. The Néron model of A/O K commutes with base change as A is semistable, so the minimal exterior form ω remains minimal in extensions of K, and C v = c v .
As V is unramified,
which is ∼ . So it remains to prove that 
Claim. The function φ satisfies:
(5) φ(e, f ) = 2 λ e,f φ(1, f ) for some λ e,f ∈ Z.
Before verifying the claim, let us use these properties to complete our proof. Note that the asserted formula already holds up to multiples of 2 by (5) and Theorem 2.36f.
Let W ⊳ I be the wild inertia subgroup. Then (1,2) . If K has odd residue characteristic, then the wild inertia group W has odd order and 2.36f
Otherwise we are in case (4ex) and we claim nothing about factors of 2.
3.28. Proof of claim. This is a purely module-theoretic statement about the G-modules X(T * ) ֒→ Hom(X(T ), Z) and the monodromy pairing. Suppose G = F is a finite cyclic group, and N : M ′ ֒→ M is an inclusion of ZG-lattices of the same (finite) rank. Furthermore, suppose for every e ≥ 1 there is a perfect symmetric G-invariant pairing
Then the function
satisfies (1)- (5):
So it is a perfect alternating pairing on U Z p /U Z , hence this group has square order.
(2) Again M ⊗Q is self-dual, so rk M F 4f ≡ rk M F 2f mod 2. Next, the above formula for (, ) with Z = F f defines an alternating pairing
(3) By (1) and (2), φ(e, 2) = φ(e, |G|) = |M/eM ′ |e rk M = |M/M ′ |. (4) Replacing F by F f we may assume f = 1. We may also suppose that F has order a power of 2 by (1). It suffices to show that in the exact sequence
the first term has order e rk M F and the last one is 0. Because
eM ′ , it has odd order and hence has trivial H 1 . Next, from the long exact cohomology sequence for the multiplication by e map on M ′ we extract
The last term is killed by |G| and e, and is therefore 0. So
as required. (5) By (4), we only need to show that φ(2 k , f ) differs from φ(1, f ) by a power of 2. But the first and the last term in the exact sequence
are killed by 2 k , and the result follows from the definition of φ. 
Applications to the parity conjecture
We now have a machine that, when supplied with a relation Θ between permutation representations, confirms the p-parity conjecture for the twists of A/K by the representations τ ∈ T Θ,p coming from regulator constants. We turn to a class of Galois groups where these are enough to say something about essentially all twists for some p.
Specifically, we concentrate on Galois groups G = Gal(F/K) that have a normal p-subgroup P . The type of results that we aim for is that knowing p-parity for all G/P -twists is sufficient to establish it for all G-twists. In particular, we prove Theorems 1.11 and 1.12.
Apart from the machine itself (Theorem 1.6) the proofs rely only on group theory and basic parity properties of Selmer ranks and root numbers. Roughly speaking, we may consider any functions, such as τ → w(A/K, τ ) or τ → (−1) τ,Xp(A/F ) that satisfy "self-duality" and "inductivity" as in Proposition A.2(1,2). If two such functions agree on G/P -twists and on the τ ∈ T Θ,p for those Θ that come from dihedral subquotients, this sometimes forces them to agree on all orthogonal G-twists, or at least on those twists that correspond to intermediate fields.
We will not formulate the results of this section in this language. However, to be able in principle to extend them to a larger class of abelian varieties, we axiomatise the minimal compatibility requirements: Hypothesis 4.1 (Compatibility in dihedral subquotients). Let F/K be a Galois extension of number fields, A/K an abelian variety and p a prime number. We demand the following 2 : whenever N ⊳ U are subgroups of Gal(F/K) with U/N ∼ = D 2p n and τ = σ ⊕ 1 ⊕ det σ for some 2-dimensional representation σ of U/N ,
In other words, the p-parity conjecture holds for the twists by all such τ . (Recall that we regard C 2 × C 2 as a dihedral group as well.) Throughout the section we implicitly use that X p behaves in an "étale"
[6] Lemma 4.14). We occasionally say that "p-parity holds" for A/L or for a twist of A by τ , referring to Conjectures 1.2a, 1.2b. Proof. Write G = Gal(F/K) and V for Z(P )[p], the p-elementary part of the centre of P . We may assume P = 1, so V is non-trivial. As V is characteristic in P , it is normal in G. We need to prove p-parity for A/F H for all subgroups H of G, and it holds when P ⊂ H by assumption. We use induction on |G| to reduce G and H to small explicit groups. Thus, assume the theorem holds for all proper subquotients | Gal(F ′ /K ′ )| < | Gal(F/K)|.
Fix H G. Suppose there is a subgroup 1 = U ⊳ G with U ⊂ P and HU = G. Applying the theorem to P/U ⊳ Gal(F U /K), p-parity holds over all subfields of F U /K, including the intermediate fields of F U /F HU . Applying it again to U ⊳ Gal(F/F HU ) shows that p-parity holds over the subfields of F/F HU , in particular F H .
Hence we may assume that whenever U ⊳G is a subgroup of P , either U = 1 or HU = G. In particular, HV = G as V ⊳ G is non-trivial. Furthermore, H ∩ V = 1 because it is normal in HV = G and H(H ∩ V ) = H = G. It follows that G ∼ = H ⋉ V .
Moreover, P = (P ∩ H) ⋉ V , as P contains V . The two constituents commute, so this is a direct product and V = Z(P )[p] = Z(P ∩ H)[p] × V . So P ∩ H = 1, and hence P = V .
Finally, we may assume that the action of H on V by conjugation is faithful. Otherwise let W = ker(H → Aut V ) and note that W ⊳ H, so Proof. Write G = Gal(F/K) and pick H < G. We prove p-parity for A/F H .
Step 1: Suppose G is a 2-group.
There is a descending chain of subgroups G = U 1 ⊃ . . . ⊃ U n = H with all inclusions of index 2. We show by induction that 2-parity holds over all quadratic extensions of F U i in F . For i = 1 this is true by assumption. Suppose this is true for i−1, and let L/F U i be a quadratic extension inside F . The Galois closure of the quartic extension L/F U i−1 has Galois group C 4 , C 2 × C 2 or D 8 , as it is a 2-group. In all cases, 2-parity over quadratic extensions of F U i−1 implies 2-parity for all orthogonal twists of this Galois group, in particular parity over L (for C 4 see Corollary A.3(1,2); for D 8 this is Hypothesis 4.1.)
Step 2: General case.
As F H /F H∩P is Galois of odd degree, 2-parity for A/F H is equivalent to that for A/F H∩P by Corollary A.3(3). Since P is a 2-group, by Step 1 it suffices to establish 2-parity over F P and its quadratic extensions in F .
Let Φ⊳P be its Frattini subgroup, so P/Φ ∼ = F k 2 is its largest 2-elementary quotient. As Φ is characteristic in P , it is normal in G, and F Φ /K is Galois. (F Φ is the compositum of all quadratic extensions of F P in F .) Replacing F by F Φ we may assume that Φ = 0 and P = F k 2 , so by the Schur-Zassenhaus theorem G ∼ = U ⋉ F k 2 with U of odd order. We want to prove 2-parity for all twists of A/F P by characters χ : F k 2 → C × . Write L χ for F ker χ for such χ; so [L χ : F P ] ≤ 2.
As F P /K is Galois of odd degree, 2-parity holds over L 1 = F P , equivalently for the twist of A/F P by 1. More generally, G acts on characters of F k 2 by conjugation, and if χ = 1 is G-invariant, then L χ /K is Galois with Galois group U ×C 2 . In this case, L χ is an odd degree Galois extension of a quadratic extension of K in F , so again 2-parity holds over L χ and hence for the twist of A/F P by χ.
Now pick a general non-trivial χ = χ 1 and let {χ i } 1≤i≤n be the complete set of its conjugates under G. The L i are conjugate fields, so the 2-parity conjecture for the twist by χ is equivalent to that for any of the χ i . As the orbit size n is odd, it suffices to check 2-parity for the twist of A/F P by ⊕ i χ i .
Applying Hypothesis 4.1 in C 2 ×C 2 -extensions of F P , 2-parity holds for the twist by 1⊕φ⊕ψ⊕φψ for any characters φ, ψ of F k 2 . Taking a sum of such twists shows that 2-parity for ⊕ i χ i is equivalent to 2-parity for 1 ⊕n ⊕ χ i . But this is a sum of G-invariant characters, for which 2-parity has already been established. for some H i < G, n i ∈ Z, and with ρ i either (a) trivial or (b) χ⊕χ with χ =χ one-dimensional or (c) a 2-dimensional irreducible that factors through a dihedral quotient of H i .
By inductivity (Corollary A.3(2)), it suffices to prove that
We distinguish between the three possibilities for ρ i as above: Case (a). As G/P is abelian, its only irreducible self-dual representations are those that factor through a C 2 -quotient. By "self-duality" and "inductivity" (Corollary A.3(1,2) ), the assumed parity over K and its quadratic extensions implies parity in all subfields of F P /K. By Theorems 4.3 and 4.4, it implies parity in all subfields of F/K, in particular for A/F H i .
Case (b). The formula holds by Corollary A.3(1). Case (c). Since the commutator of G is a p-group, the only dihedral subquotients it has are D 2p k . By case (a), we know parity over F H i and its quadratic extensions in F , so Hypothesis 4.1 implies parity for all irreducible 2-dimensional representations of this subquotient. Remark 4.6. For elliptic curves, the assumption that the p-parity conjecture holds for E over K and its quadratic extensions in F is known in a number of cases. In particular ( [1, 11, 14, 24, 25, 16, 6] , [5, 3] ) (1) if K = Q; (2) if E/K admits a rational p-isogeny, and for every prime v|p of K,
• (p > 3) E is semistable, potentially multiplicative or potentially ordinary at v, or acquires good supersingular reduction over an abelian extension of K v .
• (p = 3) E is semistable at v, • (p = 2) E is semistable, and not supersingular at v.
There are also results for modular abelian varieties over totally real fields [25, 17, 26] and a generalisation of (2) to abelian varieties with a suitable p g -isogeny [3] .
Remark 4.7. The assumption in Theorem 4.5 that G/P is abelian was only used to ensure that (a) p-parity holds in all intermediate fields of F P /K, and (b) dihedral subquotients of G have the form D 2p n . So the theorem extends to other extensions that satisfy (a) and (b), e.g. G nilpotent with p = 2, or G/P ∼ = (odd)×(abelian 2-group) with p = 2.
Example 4.8. Let E/Q be an elliptic curve, semistable at 2 and 3, and let F = Q(E [3] ). We claim that the 3-parity conjecture holds for E over all subfields of F , and consequently over all subfields of F n = Q(E[3 n ]) by Theorems 4.2 and 4.3.
If either F/Q is abelian or E/Q admits a rational 3-isogeny, this is true by [7] Thm. 1. It is not hard to verify that in all three cases, the representations Ind G H 1 H for subgroups H ⊂ C 2 ×C 2 (these correspond to fields where E acquires a 3-isogeny) and those with G/H abelian generate all orthogonal representations. Again, as the 3-parity conjecture is known for E/F H for such H, this implies 3-parity for all intermediate fields.
The question whether 3-parity holds for all twists by self-dual representations of Gal(F n /Q) is more subtle, as we do not have an analogue of Theorem 4.5 in this case. In fact, suppose that G 2 = Gal(F 2 /Q) ∼ = GL 2 (Z/9Z), i.e. as large as possible. Then there are precisely two irreducible orthogonal Artin representations τ 1 , τ 2 : G 2 → GL 6 (C) that can be realised over Q 3 ( √ 3) but not over Q 3 . It turns out that C Q 3 Θ (τ 1 ⊕τ 2 ) = 1 for every G 2 -relation Θ, so the parity of τ i , X 3 (E/F 2 ) cannot be computed from regulator constants. (It can be computed for all other CG 2 -irreducible orthogonals.) Appendix A: Basic parity properties For the convenience of the reader, we record a few basic facts related to root numbers and the p-parity conjecture. Proof. For the first statement see [29] 
